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Abstract
We construct wave functions and Dirac operator of spin 1/2 fermions on quantum
four-spheres. The construction can be achieved by the q-deformed differential calculus
which is manifestly SO(5)q covariant. We evaluate the engenvalue of the Dirac operator
on wave functions of the spinors and show that we can define the chiral fermions in such
a way that the massless Dirac operator anti-commutes with γ5.
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The structure of quantum groups[1][2] has been appeared in many aspect of the field
theories. As geometrical counterparts of quantum groups, we have non-commutative
geometry[3][4]. The quantum manifolds have been investigated by physician as possible
deformations of the space-time[5][6]. However, up to now there is no priori reason why we
have to consider quantum manifolds. It seems of no use to consider quantum manifolds
instead of classical manifolds. As an attempt to find a reasonable solution, the use of
quantum spheres as a regularization of field theories was proposed [8]. Actually, it is
shown that the number of wave functions of the scalar fields on quantum spheres can
be finite when q is a root of unity by using periodic representations. The parameter is
determined by the radius of the spheres and cutoff scale. At low energy, the observable
reduces to the ones on classical spheres. We can thus regard the quantum manifold as
an effective prescription of the strong quantum fluctuation of space-time at microscopic
level. Of course, the investigation of quantum field theories on quantum spheres was
far from complete. The calculation of the amplitudes or full second quantization are
importaint problem which we should solve for the understanding of the field thoeries on
quantum spheres. Before analyzing these questions, we should first construct the fields
with internal spin on quantum spheres.
Our aim of this paper is to construct spin 1/2 fermions and dirac operators on quan-
tum four-spheres. Since we cannot change variables freely on quantum spheres, it is
necessary to use a formulation which is manifestly covariant under the quantum groups.
For classical four-spheres, there exist such a formulation. The manifest covariant for-
mulation of the spinors and gauge fields was formulated long ago by Adler [17]. The
instanton-(ant-instanton) solution was shown to be expressed elegantly in ref.[18]. We
therefore consider the quantum version of the formulation. In the case of quantum two-
spheres, we have already found the dirac operators[20]. The advantage of this formulation
is that we can easily consider the higher dimensional extension, which we are going to
pursue.
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The generators of quantum SO(5)[10] satisfy the following relations:
KiX
±
j K
−1
i = q
±aij
i X
±
j ,
[
Xi
+, Xj
−
]
= δij
Ki −K
−1
i
qi − q
−1
i
,
1−aij∑
ν=0
(−1)ν

 1− aij
ν

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qi
(X±i )
1−aij−νX±j (X
±
i )
ν = 0 (i 6= j),
q1 = q, q2 = q
1/2. (1)
The co-product rules we will use are
∆(X±i ) = X
±
i ⊗K
−1/2
i +K
1/2
i ⊗X
±
i , ∆(Ki) = Ki ⊗Ki. (2)
We define the coordinates of the four-sphere as a 5 dimensional representation
of SO(5)q[9][16], which are denoted by em (m = 1, 2, . . . , 5). The action of the
generators X±i and Ki are given by
pi(X+1 ) = E12 −E45, pi(X
−
1 ) = E21 − E54, (3)
pi(K1) = q
E11−E22+E44−E55, (4)
pi(X+2 ) = [2]
1/2(E23 −E34), pi(X
−
2 ) = [2]
1/2(E32 −E43), (5)
pi(K2) = q
E22−E44 , (6)
where q-integers [n] is defined by
[n] =
qn/2 − q−n/2
q1/2 − q−1/2
. (7)
The commutation relations can be defined by demanding that
15 dimensional representation can not be constructed by the product of the coordi-
nates:
eiej = qejei, i < j, i 6= j
′, (8)
e2e4 − e4e2 + (q
1/2 − q−1/2)e23 = 0 (9)
e1e5 = e5e1 + (q
1/2 − q−1/2)(q1/2e4e2 + q
−1/2e2e4 + e
2
3) = 0, (10)
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where j′ = 6− j. The equation of the sphere is given by
r2 = q−3/2e1e5 + q
−1/2e2e4 + e
2
3 + q
1/2e4e2 + q
3/2e5e1. (11)
The states whose highest weight state is given by el1 forms an
1
6
(l + 1)(l + 2)(2l + 3)−dimensional representation.
We introduce 4 dimensional representation of SO(5)q given by
cm m = 1, . . . , 4). The action of Generators X
±
i and Ki can be found as
pi(X+1 ) = E23, pi(X
−
1 ) = E32, (12)
pi(K1) = q
E22−E33 , (13)
pi(X+2 ) = E12 −E34, pi(X
−
2 ) = E21 −E43, (14)
pi(K2) = q
(E11−E22+E33−E44)/2, (15)
which is the action of SP (4)q1/2 on its fundamental representations. We define the deriva-
tives with respect to the coordinates by
∂iej = q
−1(R5,5)klijel∂k + q
ρjδi,j′, (16)
where ρi = (3/2, 1/2, 0,−1/2,−3/2), and (R
5,5)klij is the R-matrix[11][12]:
R5,5 = q
5∑
i=1
i 6=3
eii ⊗ eii + e33 ⊗ e33 +
5∑
i,j=1
i 6=j,j′
eii ⊗ ejj
+q−1
5∑
i=1
i 6=i′
+(q − q−1)
5∑
i,j=1
i>j
eij ⊗ eji
−(q − q−1)
5∑
i,j=1
i>j
qρi−ρjeijei′j′, (17)
As for the conjugate for the spinor, we impose the following condition:
bjci|0 >= εiq
ρiδi,j′|0 >, (18)
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where ρi = (1, 1/2,−1/2,−1),εi = (1, 1,−1,−1) and j′ = 5 − j. We prepare another
conjugate b′, which satisfy the relations identical to (18) for ci but not for ei , which we
will specify later.
We can define the commutation relations between them, but we do not have to use
these relations in this paper because we only consider the one particle states for the
spinors.
As commutation relations between ei and ci, we take
ciej = (R
4,5)klijelck, (19)
where R4,5 is the R-matrix between the 4 and 5 dimensional representations. We can
find the explicit form by the following procedure. At first, we can find the R-matrix
between 4 dimensional representations from ref.[9] as
R4,4 = q1/2
4∑
i=1
eii ⊗ eii +
4∑
i,j=1
i 6=j,j′
eii ⊗ ejj
+q−1/2
4∑
i=1
+(q1/2 − q−1/2)
4∑
i,j=1
i>j
eij ⊗ eji
−(q1/2 − q−1/2)
4∑
i,j=1
i>j
qρi−ρjεiεjeijei′j′, (20)
We next construct 5 dimensional representations by tensor product of 4 dimensional
representation as
|5, 1 > =
1
[2]1/2
(q−1/4|4, 1 > ⊗|4, 2 > −q1/4|4, 2 > ⊗|4, 1 >),
|5, 2 > =
1
[2]1/2
(q−1/4|4, 1 > ⊗|4, 3 > −q1/4|4, 3 > ⊗|4, 1 >),
|5, 3 > =
1
[2]
(q−1/2|4, 2 > ⊗|4, 3 > −q1/2|4, 3 > ⊗|4, 2 > −|4, 1 > |4, 4 > +|4, 4 > |4, 1 >),
|5, 4 > =
1
[2]1/2
(q−1/4|4, 2 > ⊗|4, 4 > −q1/4|4, 4 > ⊗|4, 2 >),
|5, 5 > =
1
[2]1/2
(q−1/4|4, 3 > ⊗|4, 4 > −q1/4|4, 4 > ⊗|4, 3 >), (21)
Then we can find theR-matrix between the 4-dimensional representations and 5-dimensional
representations by successively applying the formula (20).
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As for the commutation relations for bi, we use
biej = ((R
4,5)−1)klijelbk, (22)
and for b′i, we choose
b′iej = (R
4,5)klijelb
′
k. (23)
The q-analog of γ matrices can be defined by the tensor product of ci and bj as
γ1 = q
−1/4c1 ⊗ b2 − q
1/4c2 ⊗ b1,
γ2 = q
−1/4c1 ⊗ b3 − q
1/4c3 ⊗ b1,
γ3 =
1
[2]1/2
(q−1/2c2 ⊗ b3 − q
1/2c3 ⊗ b2 − c1b4 + c4b1),
γ4 = q
−1/4c2 ⊗ b4 − q
1/4c4 ⊗ b2,
γ5 = q
−1/4c3 ⊗ b4 − q
1/4c4 ⊗ b3, (24)
We define the operator of orbital angular momentum by constructing 10-dimensional
representation by tensor product of ei and ∂j ;
Jij = q
−1/2eiΛ∂j − q
1/2ejΛ∂i, i < j, i 6= j′,
J24 = e2Λ∂4 − e4Λ∂2 + (q
1/2 − q−1/2)e3Λ∂3,
J15 =
( [2][3]
[6]
)1/2
[e1Λ∂5 − e5Λ∂1 + (q − 1)e4Λ∂2
+(1− q−1)e2Λ∂4 + (q
1/2 − q−1/2)e3Λ∂3], (25)
where Λ is the dilatation operator[13][14][15] satisfying
Λei = qeiΛ. (26)
The introduction of this operator is required to ensure relations;
[Jij , r
2] = 0. (27)
We define the q-analog of spin matrix Sij as
S12 = [2]c1b1, S13 = [2]
1/2(q−1/4c2b1 + q
1/4c1b2),
5
S14 = −[2]c2b2, S23 = [2]
1/2(q−1/4c3b1 + q
1/4c1b3),
S25 = [2]c3b3, S34 = [2]
1/2(q−1/4c4b2 + q
1/4c2b4), S45 = −[2]c4b4,
S24 = q
−1/2c4b1 + q
1/2c1b4 − c3b2 − c2b3,
S15 =
( [2][3]
[6]
)1/2
(q−1/2c4b1 + q
1/2c1b4 + q
−1c3b2 + qc2b3), (28)
and singlet operator O as
O = q−1c1b4 + q
−1/2c2b3 − q
1/2c3b2 − qc4b1. (29)
We will also use S ′ij and O
′ which are defined just by replacing
b in (28) and (29) by b′.
These are all the relations we use to construct Dirac operators.
From the tensor product of 1
6
(l + 1)(l + 2)(2l + 3)dimensional representation of the
coordinates and 4 dimensional spinor, we have gl and gl−1 dimensional representations
where gl =
2
3
(l + 1)(l + 2)(l + 3)[19]. The highest weight states are given by
|l, gl, h > = ale
l
1c1|0 >,
|l, gl−1, h > = al
( [2l]
[2l + 3]
)1/2
([2]−1/2qel−11 e3c1 − q
1/4el−11 e2c2
+q−3/4el1c3)|0 >, (30)
where al is a constant which can be specified by haar measure. In the previous paper, we
have shown that the structure of the currents for quantum 2-sphere[20] can be described
in terms of C-G coefficients[12]. We can follow the similar argument for this four spheres.
However, in the case of SO(5)q, it seems not convenient to use C-G coefficients because
we do not have any economical expression of the C-G coefficients. Therefore, we directly
consider the singlet operators (Casimir operators), so that the effect on the states can be
analyzed just by applying them to the highest weight states (30).
The eigenvalues of a singlet operator J · S on the highest weight representations are
given, after tedious but straightforward calculation, by
J · S|l, gl, h > =
[3][2l]
[6]
ql+3|l, gl, h >,
J · S|l, gl−1, h > =
[3][2l + 6]
[6]
q−l|l, gl−1, h >, (31)
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We also find
O|l, gl, h > = q
l|l, gl, h >,
O|l, gl−1, h > = q
−l−3|l, gl−1, h >, (32)
We also define the γ5 by
γ5 =
c
r
e · γ′, (33)
where the coefficient c can be fixed by requiring γ25 = −1.
This operator changes the representation of the coordinate but not the total spin. We
therefore have
γ5|l, gl, h > = αl|l + 1, gl, h >,
γ5|l, gl−1, h > = βl|l − 1, gl−1, h >, (34)
where αl and βl are some coefficients which we do not need to evaluate for our present
purpose.
We can find that the following form of the operator anti-commute with γ5:
γ∇ ≡
1
r
O−1
(
q−1J · S +
[3][4]
[6]
)
, (35)
where r is the radius of the sphere appeared in (11). The eigenvalue of this operator for
the states is given by
γ∇|l, gl, h > =
[3][2l + 4]
[6]r
|l, gl, h >,
γ∇|l, gl−1, h > = −
[3][2l + 2]
[6]r
|l, gl−1, h > . (36)
We have shown that Dirac operators can be constructed by a manifest SO(5)q invari-
ant method, quite analogous to the classical case.[17] For classical spheres, it was shown
that the gauge fields can be described quite elegantly and instanton-(anti-instanton) solu-
tions have a simple form[18]. We can therefore expect that such solutions can be obtained
also for quantum spheres. These considerations might be interesting when we consider
the topology of the quantum manifold.
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